UNIT-HI
STATICALLY INDETERMINATE BEAMS



Introduction:
in this chapter we will analyze the beam in which the number of reactions

exceed the number of independent equations of equilibrium
integration of the differential equation, method of superposition

compatibility equation (consistence of deformation)

Types of Statically Indeterminate Beams
the number of reactions in excess of the number of equilibrium equations

is called the degree of static indeterminacy
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the excess reactions are called static redundants
the structure that remains when the redundants are released is called

released structure or the primary structure

10.3 Analysis by the Differential Equations of the Deflection Curve
EiV' = M Eiv" = V ENVY = -q

the procedure is essentially the same as that for a statically determine
beam and consists of writing the differential equation, integrating to obtain
its general solution, and then applying boundary and other conditions to
evaluate the unknown quantities, the unknowns consist of the redundant
reactions as well as the constants of integration

this method have the computational difficulties that arise when a large

number of constants to be evaluated, it is practical only for relatively simple

case
Example 10-1 y
a propped cantilever beam AB .
supports a uniform load g 5, A, — ‘ﬁx
determine the reactions, shear forces "1 1
bending moments, slopes, and deflections Ra ’ Rg

choose Rg as the redundant, then



Ry = qL - Rg My, = —— - RgL

and the bending moment of the beam is

ax’
M = Rx - My - ——
2
qL’ ox°
= gLx - RgX - —— - RgL - ——
2 2
qL* ax’
Elv' = M = gbx - Rgx - — - RgL - ——
2 2
gLx*  Rex*  gL% q
EIV' = - - - Rglx - — + C;
2 2 2 6
gLx* Rp® gL RgLX®*  ox*
Elv = - - - - +Cix+0C,
6 6 4 2 24

boundary conditions
vO) = 0 vi) = 0 viL) = 0

it is obtained q

C=C=0 Rg = 3qL/8
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and Ra = 5qL/8 3 I 3ql
Ma = qL%8 i ' i
4——/&
the shear force and bending moment are v .




M L < 128
e
gx 0
M = RxX - My - —— S sL
2 § 8
_ 5qLx qL? qx? _‘75
8 8 2 y
- - 50 ‘Slnﬂx,rgg
the maximum shear force is A e B
Vimax = 50gL/8 at the fixed end Ly T
4 _,'(_’I
the maximum positive and negative moments are
Mps = 9qL%128 Mg = -qL°/8
slope and deflection of the beam
gx
V. = ——(-6L® + 15Lx - 8x9)
48El
ox°
v = -——(BL% - 5lx + 23
48El
to determinethe Jdmay, St V' = 0
6L + 15Lx - 8* = 0
we have x;, = 0.5785L
qL*
Omax = -V(X1) = 0.005416 —
El
the point of inflection is locatedat M = 0, ie. x = L/4

kK < 0 and M < 0 forx < L/4
k > 0 and M > 0 forx > L/4



theslopeat B is

qL’
g = (Yoo = ——
48El
Example 10-2
a fixed-end beam ABC supports a 4 e
concentrated load P at the midpoint (} - L - %}v
determine the reactions, shear forces, M, I . . A Mg
bending moments, slopes, and deflections Ry 2 T 27 R
because the load P in vertical direction and symmetric
Ha = Hg = 0 Ra = Rg = P/2
My = Mg (1 degree of indeterminacy)
Px
M = — - My (0 = x = L2
2
Px
EV' = M = - My (0 = x = L2
2
after integration, it is obtained
Px?
ElV = — - Max + C; (0 = x = L2
4
Px® M X2
Elv = — - + Cx + C, (0 =x = L2
12 2

boundary conditions
vO) = 0 vii0) = 0

symmetric condition



vi0) = 0
PL™ A PL
the constants C;, C, and the ° ;_L—%—H—é—-p ’
moment M, are obtained H “
f
C, = C =0 v
PL 0
My = — = Mg F
8 2
. Pj.
the shear force and bending moment o i . /I\S\-’ i 5
diagrams can be plotted 0 ~ |
thus the slope and deflection equations are - ’;" - &
Px
Vi = -—— (L - 2X) 0 = x = L2
8EI
Px?
v = -——@3L - 4x) 0 = x = L2
48El
the maximum deflection occurs at the center
PL®
Omax = -V(L/I2) =
192El
the point of inflection occurs at the point where M = 0, i.e. X
L/4, the deflection at this point is 4
é;] ‘smax 50
oL A 10 ™
o = 'V(L/4) = T T
384El
' é
which is equal  Jpa/2 e
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10.4 Method of Superposition
1. selecting the reaction redundants
2. establish the force-displacement relations

3. consistence of deformation (compatibility equation)

consider a propped cantilever beam ey 1 i Il
(i) select Rg as the redundant, then MC A B '
A oloXoR
qu Ry L I,RB
RAZQL-RB My =—-RgL @)
2
force-displacement relation =
A
q|_4 RgL® (b)
(0g)r = — (0s)2 = "
8EI 3El

compatibility equation | \ (%p))

(c) T
o8 = (@)1 - (@)1 = 0 |
| (c‘)";,?)2
qL4 _ RBL3 | TT
8EI 3El (d) -
3L 5qL qL®
Re = — => Rp = — Ma = —
8 8 8
(ii) select the moment M, as the redundant [ 11 lql L]
qL MA qL MA M, AA Bléﬁ
Rhn = —+— B — — "~ — Ry L TRB
> L 2 L J
1 (04)
; ;  LIDILEIT] ¢ T
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(b) (GA)] (d)



force-displacement relation

qL? MalL
- (@A)2 =
24E| 3EI

(On)1 =

compatibility equation

gL? MalL
On = (Oa)1 - (Op)2 = =0
24El 3El
thus Ma = qlL%8
and Ra = 5gL/8 Rg = 3qL/8
Example 10-3 T fl Tl
a continuous beam ABC supports a _AA l ;&f c
uniform load g e
determine the reactions I.R" L ,FRB g A
select Rg as the redundant, then @
A B €
| ]
qL y A
Ra = R = gL - — (b)
2
force-displacement relation l l l l l I l | l l l
5gL(2L)* 5qL* M
@0g) = —m = —— ()1
384El 24El ©
Rg(2L)? RgL?
(58)2 = =
48E| 6E i I*\ 4
compatibility equation TRH il




5qL* RgL’

o8 = (@)1 - (0B)2 = - =0
24El 6El
thus Re = b5qL/4
and Ra = Re¢ = 3qgL/8
5

Example 10-4 (’ : L J

a fixed-end beam AB is loaded by a " RA:.l? S J/RHMB
force P acting at point D | L |

determine reactions at the ends (a) l[

: \
also determine Jp :éz

this is a 2-degree of indeterminacy problem

(b)
select M, and Mg as the redundants

Pb Ma Mg /;E;H_iiéh“\

R = — 4+ — - — A— /4 \
A L L L M (QA)Z (93)2&
(©
Pa Ma B
o = — = — * = A
j - Y U { &)
force-displacement relations 6y (G Vs
(d)
Pab(L + b) Pab(L + a)
(O = ——— Oy, = ————
6LEI 6LEI
MaL MaL
(On)2 = (Os) =
3EI 6EI
MzgL MgL
(On)s = (Os)s =
6El 3EI

compatibility equations



On = (Oa)r - (Ba)2 - (Oa)s = O

0 = (Og)1 - (02 - (0g)3

l.e. Ml N MgL _ Pab(L + b)
3EI 6EI 6LEI
MaL N MgL _ Pab(L + a)
6El 3EI 6LEI

solving these equations, we obtain

Pab’ Pa’h

| 2 |2
and the reactions are

Pb?
Ry = —— (L + 28.) Rg
L3
the deflection Jp can be expressed as

ob = ©p)1 - (p)2 - (Op)s

PaZh?
(50)1 =
3LEI
Maab
(0p). = (L + b) =
6LEI
MBab
@p)s = (L + a =
6LEI
Pa’h®
thus op =
3L%El

if a = b = L2 <>

10

Pa?
= —(L+2b)
L

Pa%h®
(L + b)
6L°El
Pa®p?
(L + a)
6L°El




then My = Mg = —— R, = Rg = —
8 2
PL®
and oc =
192El
Example 10-5
a fixed-end beam AB  supports a " I
uniform load q acting over part of the /e 4 5 | a
Span M, ;:, - - /I, M,

determine the reactions of the beam } .

to obtain the moments caused by qdx,

replace P to qdx, a to x, and b

qex

to L-x B N
[ ;H: -
gx(L - x)%dx y 5|
dMA = -
5 a, A M,
L /‘:_ ; dv /r
a AR,
(L - x)dx =
dMB = - @
L2

integrating over the loaded part

2

qd a , ga , ,
Ma = §dMa = —§ x(L-x)%x = ——(6L2-8aL +3ad)
12 0 1212
q a ga’®
Mg = §dMg = —§ X¥(L-x)dx = (4L% - 3a)
L © 1212

Similarly

11



q(L - x)*(L + 2x)dx
dRA =

L3
gx*(3L - 2x)dx

dRB =
L3

integrating over the loaded part

d  a 2 ga 3 5.2 3
Ra=§dRa=—1F§ (L-x)7(L+2x)dx=——(2L°-2a°L + a°)
L3 0 2L3
q ., ga’
Re = ({dRg = —§ x*(BL-2x)dx = ——(2L-a)
L3 0 2L3
for the uniform acting over the entire length,i.e. a = L
qu q
Ma = Mg = ——
12 Q A Y Y Y \B )
qL My } Mg
RA = RB = — Ry L 1Rp

the center point deflections due to uniform load and the end moments are

5qL* MalL (qL¥/12)L? qL*
(5C)1 = (50)2: = - @ =
384ElI 8EI 8EI 96EI
qL*
oc = (@Oc)h - (Oc) =
384ElI
Cable~, | D
Example 10-6 \*
a beam ABC rests on supports A (1T i ITT] '
and B andissupported by acableat C "_ : AN =l
L—| L

12 (a)



find the force T of the cable

take the cable force T asredundant
the deflection (oc); due the uniform
load can be found from example 9.9 with
a=L
qL’

(Oc) =
4Epl,

the deflection (dc), duetoaforce T
actingon C isobtained

use conjugate beam method

A

TL? TL L 2L
(50)2 = M = L + —
3E,l, Ep, 2 3
A
3El,

the elongation of the cable is
Th
Oc)s = ——
EcA.
compatibility equation

Oc)1 - (©Oc)2 = (9¢c)s

qL* 2TL°  Th
4E,l, 3E,lp EA
3gL E:A.
T =

8L°E A, + 12hE, I,
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10.5 Temperature Effects

10.6 Longitudinal Displacements at the Ends of the Beams
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